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Abstract
The sum of the absolute values of all eigenvalues of A(G), the adjacency matrix of graph G, is defined as the energy of G.
Acyclic molecular graphs with second maximal energy are characterized in this work. They are all n-vertex trees obtained by
pasting an endpoint of path Pn−4 to the middle vertex of P5 if the order n ≥ 6.
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1. Introduction
Let G be a graph with vertex-set V (G) = {u1, u2, u3, . . . , un} and let A(G) = (ai j )n be its adjacency matrix,
where ai j = 1 if vertex ui is adjacent to vertex u j and ai j = 0 otherwise. Gutman defines in chapter 12 of [1] the sum
of the absolute values of all eigenvalues of A(G) as the energy E(G) of graph G, namely
E(G) = |λ1| + |λ2| + · · · + |λn|
where λi , i = 1, 2, . . . , n, are all the eigenvalues of A(G). When G is a bipartite graph, this energy can be expressed
in terms of Culson integral formula (see chapter 12 of [1])
E(G) = 2
pi
∫ +∞
0
x−2ln
(
1+
bn/2c∑
k=1
m(G, k)x2k
)
dx (1)
where m(G, k) stands for the number of k-matchings, matchings or sets of independent edges with size k, of G and
bn/2c is the integer part of n/2.
It is well known that the experimental heats of formation of hydrocarbons are closely related to the total pi -electron
energy, and the calculation of the total energy of all pi -electrons in a hydrocarbon can be reduced, within the framework
of the HMO approximation, to the energy of its molecular graph (see chapter 12 of [1]), where HMO stands for Hu¨ckel
molecular orbital.
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Fig. 1. Trees Tn , S(14, 5, 3) and R(14, 5, 3).
Fig. 2. Trees of order 6 and the number of k-matchings.
According to formula (1), E(G) is a strictly monotonic increasing function of all the numbers of k-matchings if
G is a bipartite graph. It follows that if T and T ′ are two trees with m(T, k) ≥ m(T ′, k) holding for every integer
k ≥ 1, then E(T ) ≥ E(T ′). But this technique fails to work if there are two positive integers k and s such that
m(T, k) > m(T ′, k) but m(T, s) < m(T ′, s). This case does exist and we suggest that readers refer to the sixth and
eighth graphs depicted in Fig. 3. In fact it is an open problem to order all the trees of the same order by their energy
[2].
Let T be a tree of order n; Gutman shows in chapter 12 of [1] that
E(K1,n−1) ≤ E(T ) ≤ E(Pn)
where K (1, n − 1) and Pn are a star and a path of order n respectively. For two positive integers m and n such that
n ≥ 2m, let S(n,m−1, n−2m+1) represent the n-vertex tree obtained by attaching at first an edge to every pendant
vertex of star K1,m−1 and then attaching n − 2m + 1 edges to the center; when m ≥ 3, let R(n,m − 1, n − 2m + 1)
stand for the tree obtained by attaching an edge to a 2-degree vertex of S(n − 2,m − 2, n − 2m + 1). For clarity,
S(14, 5, 3) and R(14, 53) are depicted in Fig. 1. For conjugated trees, trees that contain perfect matchings, of order
n, Zhang shows in [3] that S(n, n/2− 1, 1) has minimal energy. Recently Hou has shown in [4] that among n-vertex
trees with matching number m, the size of the largest matching, S(n,m − 1, n − 2m + 1) has minimal energy, and
R(n,m − 1, n − 2m + 1) has second minimal energy when m ≥ 3. As for maximal energy graphs, Jack H. Koolen
presents a sharp bound for the maximal energy of graphs in [5] and characterizes those graphs whose energies reach
this bound; he further determines the bipartite graphs with maximal energy in [6]. But the problem of what trees have
the second maximal energies is still open. In this work we solve this problem.
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Fig. 3. Trees of order 7 and the number of k-matchings.
2. Main result and its proof
For convenience, let us denote by Tn the n-vertex tree obtained by pasting one endvertex of Pn−4 to the middle
vertex of P5. This graph is depicted in Fig. 1. For other symbols and technology not specified, we follow [7].
Lemma 2.1. Let T and G be two trees of order 6 and 7 respectively. Then m(T, k) ≤ m(T6, k) and m(G, k) ≤
m(T7, k), k = 1, 2, 3. The equalities hold if and only if T and G are isomorphic to T6 and T7 respectively.
Proof. All the trees of order 6 and 7 and the numbers of k-matchings are listed in Fig. 2 and Fig. 3 respectively for all
k = 2, 3. Since m(T, 1) = 5 and m(G, 1) = 6, the lemma follows from these two figures. 
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Theorem 2.2. Let T be a tree of order n ≥ 6 not isomorphic to Pn . Then m(T, k) ≤ m(Tn, k) for every integer k ≥ 1;
the equality holds for every k if and only if T is isomorphic to Tn .
Proof. Let w be a vertex of T that has maximum degree. Since T is not isomorphic to path Pn , vertex w has
degree deg(w) ≥ 3. Let u be a vertex of T that has farthest distance from w. Then u is a pendant vertex, which
has a unique neighbor, say, vertex v. If the distance d(w, u) = 1, then v = w and T is a star K1,n−1. Clearly
m(K1,n−1, 1) = m(Tn, 1) = n − 1, m(Tn, 2) > 0 and m(K1,n−1, k) = 0 for every k ≥ 2; the theorem follows in this
case.
When d(w, u) ≥ 2, we shall prove the theorem by induction on the order n. According to Lemma 2.1, the theorem
is true when n = 6, 7. Consider the case when T has order n ≥ 8. Let T ′ represent the tree obtained by adding
edges if necessary to join the components of T − u − v into a connected graph such that these added edges have the
common endpoint w. Note that adding edges to a graph does not decrease the number of its k-matchings for any k. If
d(w, u) = 2, since n ≥ 8 either deg(w) ≥ 4 or T has another vertex w′ of valence 3. In either case neither T − u − v
nor T − u is a path; furthermore the vertex u may be chosen such that T − u is not isomorphic to Tn−1, and so we
have the following formula by induction on n:
m(T, k) = m(T − u − v, k − 1)+ m(T − u, k)
≤ m(T ′, k − 1)+ m(T − u, k)
< m(Tn−2, k − 1)+ m(Tn−1, k) = m(Tn, k). (2)
From formula (2) the theorem follows too in the case when d(w, u) = 2. When d(w, u) ≥ 3, we have the following
formula similar to (2):
m(T, k) ≤ m(T ′, k − 1)+ m(T − u, k)
≤ m(Tn−2, k − 1)+ m(Tn−1, k) = m(Tn, k).
If deg(v) ≥ 3, then w has degree at least 4 in T ′, and so m(T ′, k − 1) < m(Tn−2, k − 1) for some k by induction;
if deg(w) ≥ 4, then m(T − u, k) < m(Tn−1, k) for some k; if deg(w) = 3, deg(v) = 2 but T has another vertex
of degree 3, then m(T − u, k) < m(Tn−1, k) for some k; finally if w is the unique vertex of degree at least 3 and
deg(w) = 3 but T − u is not isomorphic to Tn−1, also m(T − u, k) < m(Tn−1, k) for some k. The proof is completed.

Corollary 2.3. Let T be a tree of order n ≥ 6 not isomorphic to Pn . Then E(T ) ≤ E(Tn); the equality holds if and
only if T is isomorphic to Tn .
Proof. This corollary is an immediate result of Theorem 2.2. 
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